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Abstract 
The probability distribution of travel time is the foundation of travel time estimation or modeling travel time variability and 
reliability. With considering the fact that travel time is distributed in a limited range, we use a truncated distribution to model the 
distribution of travel time in a signalized road section. Link travel time is decomposed into time-in-motion (the time a vehicle is 
actually moving) and time-in-queue. Time-in-motion is modeled using a truncated distribution, while time-in-queue is modeled 
as a mixed distribution consisting of a mass distribution and a uniform distribution. A probability density function for travel time 
is then derived and parameterized by fraction of queuing vehicles, red signal time, and motion behavior parameters including 
truncation points. These parameters are obtained from sample link travel times using a maximum likelihood estimator. In the 
experiment, a four-intersection network is developed in VISSIM, 10% probe vehicles in traffic are assumed in the test network. 
Time-in-motion and link travel time exhibit significant truncation, and they are better modeled by truncated distributions than by 
non-truncated distributions. Additionally, the Kolmogorov-Smirnov test is performed to test the estimated models of link travel 
time distribution from probe vehicle data with various polling frequencies. The results show, the link travel time distribution can 
be estimated from probe data that polling interval is less than 10s when the significance level is set to 0.01. 
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1. Introduction 
Travel time is one of the most important measures for evaluating the performance of a traffic system. It is a 
concept that is well understood by both traffic engineers and the public. There are multiple factors that affect travel 
time, including driver behavior, road attributes, traffic conditions, and signal timings. As a result, travel times along 
road sections are randomly distributed. Therefore, travel time distribution is an unavoidable issue in the researches 
of travel time estimation, travel time variability and travel time reliability. 
Usually, travel times are assumed to follow a certain stochastic distribution (such as a normal distribution, 
lognormal distribution or gamma distribution). This might be reasonable for uninterrupted traffic such as freeways 
(Liu et al., 2009). However, the travel time distribution is much more complex for interrupted traffic as on signalized 
networks. Here, merging and diverging traffic flows at an upstream intersection result in different arrival flows for a 
section of road. Then traffic signals at a downstream intersection interrupt an unknown fraction of vehicles. Further, 
the signal offset between intersections also affects the traffic flow. Consequently, the travel time distribution is a 
mixed function with various components instead of a “classic” distribution (such as a normal distribution or 
lognormal distribution) (Hofleitner et al., 2012; Ramezani et al. 2012).  
Hofleitner et al., (2012) formulate free-flow time and stopping time resperctively, and then combine them to 
obtain link travel time distribution. However, delays due to traffic congestion and acceleration/deceleration are not 
considered in their research. In this study, we decompose travel time in signalized road section into time-in-motion 
(the time for which a vehicle is actually moving) and time-in-queue. The time-in-motion, which contains free-flow 
time and delays due to traffic congestion and acceleration/deceleration, mainly depends on the physical attributes of 
the road and traffic conditions. The time-in-queue mainly relates to signal timings and the signal offset between 
adjacent intersections. In this way, we first model the time-in-motion and time-in-queue separately, and then from 
the results derive the link travel time distribution. 
A further motivation for this work comes from the fact that travel time is distributed over a limited range instead 
of over the whole positive domain of the real axis. Wang et al. (2012) first introduced a truncated distribution into 
traffic quantity modeling. If truncation is ignored, bias may arise in estimating the average and variance of travel 
time. In this paper, truncation of vehicle time-in-motion is analyzed and then a truncated distribution is used to 
model time-in-motion and link travel time. 
In addition, recent years GPS-based probe vehicle has become a popular tool of collecting data of travel time 
because of its merits of low-cost, widespread and real time. However, it is less likely a probe vehicle directly records 
link travel times, since the two consecutive polled positions do not necessarily correspond to the end points of 
individual links. Researches (Hellinga, 2008; Zheng and Van Zuylen, 2012) indicate the link travel time become less 
reliable when it is derived from lower polling frequency probe vehicle points. To analyze the effect of polling 
frequency of probe data on calibrating the proposed link travel time distribution, the Kolmogorov-Smirnov test is 
performed to test the estimated models of link travel time distribution from probe data with various polling 
frequencies. 
This paper is organized as follows. Section 2 explains the concept of a truncated distribution and the estimation of 
its parameters. In Section 3, the probability distribution function of link travel time is derived using the truncated 
distribution. In Section 4, numerical experiments are carried out and the results are analyzed. Finally, in Section 5, a 
summary of the conclusions of the work is presented. 
2.  Truncated distribution 
2.1. Definition 
In statistics, a truncated distribution is a conditional distribution that results from restricting the domain of a 
probability distribution. The following discussion is limited to the case of a continuous random variable, since travel 
time is continuous. Suppose a random variable X has infinite support (i.e. is non-zero-valued to infinity) according 
to some probability density function (PDF) ݂ሺݔǡ߆ሻ (where ߆ represents the vector of parameters). Conditional on 
the value of X being limited in range ሾܽǡ ܾሿ, the variable ܺȁܽ ൑ ݔ ൑ ܾ follows a truncated distribution with the 
following PDF: 
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gሺx,Θ,a,bሻ= fሺx,Θሻ׬ fሺtሻdtba , xא[a,b]                                                         (1) 
 
The threshold points a,b  are called truncation points. In the particular case where ܽ ൌ െλ , the truncated 
distribution becomes a right-truncated distribution. A left-truncated distribution can be similarly obtained. In 
comparison with the non-truncated distribution, the truncated distribution has a limited domain ሾܽǡ ܾሿ and two 
additional parameters, a,b. 
 
 
Fig. 1. Non-truncated and truncated distributions 
2.2. Parameter estimation 
In literatures relating to parameter estimation, it is generally assumed that the two additional parameters in a 
doubly truncated distribution (i.e. the truncation points) are known (Johnson et al. 1994; Cohen 1959). However, the 
truncation points of travel times are not available in practice. We propose a simple method of estimating these 
truncation points and provide a proof for it. The other parameters of the truncated distribution can be obtained using 
methods described in Johnson et al. (1994) and Cohen (1959). 
Assume a sample series of travel time variables X1,X2,ڮ,Xn with observations x1,x2,ڮ,xn. These variables all 
follow the same truncated travel time distribution with PDF gሺx,Θ,a,bሻ and cumulative distribution function (CDF) 
Gሺx,Θ,a,bሻ denoted by FX(x). Then the estimated ܽ and ܾ are given by: 
 
aො=minሼx1,x2,ڮ,xnሽ                                                                 (2) 
 
b෠=maxሼx1,x2,ڮ,xnሽ                                                                (3) 
 
Explanation: Define a random variable Y=minሼX1,X2,ڮ,Xnሽ , then the CDF of Y can be derived: ܨ௒ሺݔሻ ൌ
ܲሼ݉݅݊ሼ ଵܺǡ ܺଶǡڮ ǡܺ௡ሽ ൑ ݔሽ ൌ ͳ െ ሺͳ െ ܨ௑ሺݔሻሻ௡. We have FYሺaሻ=0, since FXሺaሻ=0 for a truncated distribution. The 
probability of Y falling within a small interval [a,a+∆] is Pሼa≤Y≤a+∆ሽ=FYሺa+∆ሻ-FYሺaሻ=1-൫1-FX(a+∆)൯n. If we set 
a confidence level ͳ െ ߙ, we can calculate a minimum sample size n= ቒlog1-FX(a+∆)
α ቓ from Pሼa≤Y≤a+∆ሽ>1-α. For 
example, if α=0.05, FXሺa+∆ሻ=0.05, then the minimum sample size is 59. This means, in the example case, that as 
long as the sample size is greater than 59, we have a confidence of 0.95 using minሼx1,x2,ڮ,xnሽ as an estimate of ܽ. 
Using a similar argument, we obtain the same result for estimating ܾ as maxሼx1,x2,ڮ,xnሽ. 
After ܽǡ ܾ have been obtained, the other parameters ߆ can be estimated by the maximum likelihood (or more 
conveniently the log-likelihood) estimator (MLE). 
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Θ෡= arg max σ lng(xi,Θ, aො, b෠)i                                                (4) 
 
In traffic research, the normal distribution and lognormal distribution are frequently utilized. Further information 
on truncated distributions can be found in the literatures (Cohen 1959; Johnson et al. 1994; Wang et al. 2012). 
3. Modeling distribution of travel time 
In arterial networks, traffic is driven by the formation and dissipation of queues at intersections. On an urban road, 
a vehicle is either in motion at a certain speed or stationary in a queue waiting at a red signal. The distributions of 
time-in-queue and time-in-motion are first formulated independently and then combined using convolution. 
3.1. Probability distribution of time-in-queue 
To model the probability distribution of time-in-queue, we adopt an analytical model derived by Holfleitnet et al. 
(2012) based on several assumptions: 1) the fundamental diagram is triangular; 2) Traffic are stable during each 
estimation interval; 3) arrivals are uniform. 
A fraction ߟ of the vehicles entering the link would experience a stop. The remaining fraction ͳ െ ߟ  of the 
vehicles travel though the link without stopping. For vehicles reaching the queue at an intersection, time-in-queue is 
uniform under the assumption that the arrival of vehicles is uniform in time. The uniform distribution has support 
ሾͲǡ ܴሿ corresponding to the minimum and maximum queuing times, where ܴ is red time. For vehicles that do not 
experience a stop and travel straight through the intersection, the time-in-queue is 0. 
Therefore, the time-in-queue of vehicles going through an intersection is a random variable Tq with a mixed 
distribution of two components. The first component represents vehicles that experience a stop with uniform 
distribution on [0,R]. The second component represents the vehicles that do not experience a stop with a mass 
distribution in 0. We note ͳ the indicator function of set A, 
 
1Aሺxሻ= ቄ1, xאA0,xבA 
 
The Dirac distribution centered in ݔ is denoted Dirሼxሽሺ*ሻ. 
The probability distribution of time-in-queue with respect to time-in-queue tq is then formulated as: 
 
h൫tq൯=൫1-η൯Dirሼ0ሽ൫tq൯+η 1R1[0, R](tq)                                               (5) 
 
where 
Dirሼ0ሽ൫tq൯= ൜
1, tq=0
0, tq≠0
, 1ሾ0, Rሿ൫tq൯= ൜
1, tqא[0,R]
0,tqב[0,R] 
3.2. Probability distribution of time-in-motion 
In principle, a vehicle on the road can be in only one of two states: in motion or stopping in a queue. Hellinga el 
al. (2008) decomposed total travel time ௧ܶ  experienced by a vehicle on a link into four constituent parts: free-flow 
travel time ௙ܶ, delay due to traffic congestion ௖ܶ, deceleration and acceleration time ௗܶ௔, and time-in-queue ௤ܶ. The 
first three parts make up the time-in-motion ௠ܶ. The sum of the first two parts is similar to the travel time on a 
freeway, which is factored by link attributes (such as link length, number of lanes), driver behavior, and level of 
traffic congestion. Time-in-queue is mainly caused by the presence of traffic signals. To simplify the modeling 
process, we also regard deceleration and acceleration time as one component of time-in-motion. This simplification 
actually has little influence on the calculation of total travel time because deceleration and acceleration time are 
relatively minor compared with the other components. Thus,  
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Tm=Tf+Tc+Tda                                                                (6) 
 
We formulate the probability of time-in-motion as a truncated distribution with PDF ݃ሺݐ௠ǡ߆ǡ ܽǡ ܾሻ. Specifically, 
a truncated normal distribution and a truncated lognormal distribution are tested in a later section. 
3.3. Link travel time distribution 
As discussed above, total link travel time should be the sum of the free-flow travel time ௙ܶ, delay due to traffic 
congestion ௖ܶ, deceleration and acceleration time ௗܶ௔, and time-in-queue ௤ܶ. Thus, we have: 
 
Tt=Tm+Tq                                                                   (7) 
 
Assume ௠ܶ and ௤ܶ are independent variables, then the PDF of total travel time ௧ܶ  equals the convolution of the 
PDFs of ௠ܶ and ௤ܶ. According to the linearity of convolution, we can derive the PDF of ௧ܶ : 
 
ptrሺxሻ=൫1-η൯gሺx,Θ,a,bሻ+ η
R
׬ 1ሾ0, Rሿ൫x-z൯gሺz,Θ,a,bሻdz+∞-∞                (8) 
 
The integration is not null if and only if x-zא[0,R]. Since gሺz,Θ,a,bሻ is not equal to zero for zא[a,b], the 
integration is not null if and only if zאൣx-R,x൧∩[a,b]. We assume b-a≤R, since time-in-motion generally varies 
within a narrow range under the assumptions of stationary of traffic. Then the truncated model of the PDF for link 
travel time reads: 
 
ptrሺxሻ=
ە
ۖۖ
۔
ۖۖ
ۓ 0,    if x<a  ൫1-η൯gሺx,Θ,a,bሻ+ η
R
׬ gሺz,Θ,a,bሻdzxa ,  if xא[a, b]
൫1-η൯gሺx,Θ,a,bሻ+ η
R
׬ gሺz,Θ,a,bሻdzba ,  if  xא(b, a+R]
൫1-η൯gሺx,Θ,a,bሻ+ η
R
׬ gሺz,Θ,a,bሻdzbx-R ,  if  xאሺa+R, b+Rሿ
0,    if x>b+R
             (9) 
 
This derived PDF has a support of [a, b+R]. This is true in reality in that link travel time only changes over a 
limited range that is the subset of the domain of positive real numbers. 
To validate the application of this truncated distribution, we present the model proposed by Hofleitner et al. 
(2012) as an example of using non-truncated distributions. Without considering delay due to traffic congestion or 
deceleration and acceleration time, Hofleitner et al. use the following equation: 
 
Tt=Tf+Tq                                                                        (10) 
 
As with the above derivation process, Hofleitner et al. (2012) obtained the PDF by assuming that Tf follows a 
non-truncated distribution  gሺx,Θሻ (Hofleitner’s model): 
 
pntሺxሻ=൞
0,    if x<0  
൫1-η൯gሺx,Θሻ+ η
R
׬ gሺz,Θሻdzx0 ,  if xא[0, R]
൫1-η൯gሺx,Θሻ+ η
R
׬ gሺz,Θሻdzxx-R ,  if x>R
                                          (11) 
3.4. Fitting the travel time distribution 
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The derived PDF ptrሺxሻ is parameterized by the fraction of stopping vehicles ߟ, signal red time ܴ, and the motion 
behavior parameters left truncation point , right truncation point b, and Θ. In comparison, the PDF pntሺxሻ using the 
non-truncated distribution has the same parameters except a,b. 
Then, the estimation of the parameters is done by maximizing the log-likelihood of the link travel times. The 
estimation problem is given by: 
 
maximize  σ lnptrሺxi,η,R,Θ,a,b ሻi                                                      (12) 
 
The optimization problem is not convex and can be restrained to a small scale with a feasible set by placing 
additional constraints and bounds that yield physically acceptable values. In most cases, link travel times only are 
available using probe vehicle technology or other traffic information collecting tools. Thus, a grid search is 
implemented to obtain the best estimates of parameters. In Section 4.3, a method is introduced for reducing the 
computational burden by using the characteristics of vehicles’ time-in-motion. In cases like high-frequency probe 
data (where vehicle information consisting of location, time and speed is recorded every second), the time-in-motion 
can be easily extracted. Truncation points ǡ can be first estimated by using Equations (2) and (3), then the other 
parameters can be estimated using Equation (12) based on the estimated ܽǡ ܾ. 
4. Numerical experiments and results 
4.1. Simulation network 
We consider an ideal left-hand traffic network with four identical intersections. The network is modeled in 
VISSIM, as showed in Fig 2. The intersections are managed by signal controllers with identical signal timings. The 
three links between the intersections are each 300m long. Traffic entering a link from one end comes from three 
directions: left, straight and right. It then leaves the link in three directions. Vehicles that exit by turning left or 
going straight ahead are controlled by one signal. The link travel times of these vehicles are used in later 
experiments. A constant flow of 500 veh/h is input into the network at each entrance, and 10% probe vehicles are 
assumed in the traffic. In the simulation, vehicle data are recorded every 0.1s so that accurate travel times can be 
obtained for each vehicle. 
 
 
Fig. 2. A four-intersection simulation network in VISSIM 
4.2. Truncation of time-in-motion 
A set of link travel times is obtained by simulating the above network. There is a stationary flag indicating 
whether a vehicle is stationary or not. The time-in-queue of a vehicle is calculated by observing the duration of the 
stationary flag. Time-in-motion is then extracted as link travel time minus time-in-queue. Histograms of time-in-
Link3 Link2 
300m 
Link1 
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motion for the three test links is illustrated in Fig 3. All times in motion clearly fall within a limited range for all 
links. Further, the truncation of times in motion is quite significant on the lower side. 
 
Fig. 3. 
Histograms of time-in-motion for various links 
 
To explicitly analyze this truncation, times in motion are fitted using non-truncated distributions and truncated 
distributions. That is, we model the time-in-motion distribution using the normal distribution, the lognormal 
distribution, and the respective truncated versions of these distributions. The distributions are measured with a 
small-sample-size corrected version of the Akaike Information Criterion (AICc) and the Bayesian Information 
Criterion (BIC). AICc and BIC are two measures of the relative goodness of fit of a statistical model. The preferred 
model is the one with the minimum AICc and BIC value. 
 
AICc=2k-2 lnሺLሻ + 2kሺk+1ሻ
n-k-1
                                                     (13) 
 
BIC=-2∙lnL+kln(n)                   (14) 

where ݇  is the number of parameters in the model, ݊  is the sample size and ܮ  is the maximized value of 
likelihood function for the estimated model. 
 
 
Fig. 4. Fitted distributions of time-in-motion for various links 
The fitted time-in-motion distributions are shown in Fig 4. It is clear that there are significant differences 
between the truncated and non-truncated distributions for lower times in motion, but almost no differences for 
higher values of time-in-motion. This feature tells us that careful consideration of left truncation is needed, while 
right truncation can be neglected because it is almost insignificant. 
The values of AICc and BIC for the candidate models are showed in Table 1. Values of AICc and BIC for the 
truncated distributions are all smaller than for the non-truncated distributions. This suggests that the truncated 
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distributions are preferred as a model for time-in-motion. This is also consistent with the observations made about 
Fig 4. Additionally, it seems that the truncated lognormal distribution is slightly superior to the truncated normal 
distribution. The reason for this may be that the distributions of time-in-motion have a certain degree of skew, which 
is better captured by the truncated lognormal distribution. However, the difference is not sufficient to reach the 
general conclusion that a truncated lognormal distribution is better than a truncated normal distribution for modeling 
time-in-motion, since the difference here is not significant. 
 
Table 1. Values of AICc and BIC for candidate models of time-in-motion distribution 
Link ID Measure Normal distribution Lognormal distribution Truncated normal Truncated 
lognormal 
Link1 AICc 9971 9785 9597 9552 
BIC 9982 9797 9620 9575 
Link2 AICc 11105 10922 10661 10636 
BIC 11116 10934 10685 10659 
Link3 AICc 11108 10946 10703 10679 
BIC 11119 10958 10726 10703 
4.3. Link travel time distribution 
From Equation (10) (Tt=Tm+Tq ), we obtain min{Tt}= min൛Tm+Tqൟ= minሼTmሽ+min{Tq} . Since the minimum 
time-in-queue Tq is 0, then we have min{Tt}= minሼTmሽ. Using Equation (2), the left truncation point  is estimated as 
aො=min{Tt}. We know from Section 4.2 that the right truncation of time-in-motion is not significant. Thus, we can 
set the right truncation point b to a large number. Since we assumed b-a≤R in Section 3.3, b is set at aො+R. After 
determining a and b in this way, we can estimate the other parameters using MLE as described in Section 3.4. 
 
 
Fig. 5. Estimated link travel time distribution 
 
The normal distribution is used to model free time in Hofeitner’s model. In this truncation model, the truncated 
normal distribution is used to model time-in-motion. In Fig 5, we fit the travel time distribution for link 1 using both 
Hofeitner’s model and the truncation model. The truncation model (AICc: 13272; BIC: 13238) provides better 
performance than Hofeitner’s model (AICc: 14505; BIC: 14482). In particular, the truncation model fits the lower 
travel times well. However, the peak in travel time seen between 30s and 40s is not matched by either model. The 
reason for this may be that link flows do not fit the hypothesis of constant arrivals due to light synchronization 
(Bails et al. 2012). 
4.4. Model estimation using probe vehicle data 
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In practice, the polling interval (PI) of most probe vehicles varies from 1s per point to 60s per point. The 
recorded travel time from probe vehicle should be allocated to individual links to obtain link travel time, since the 
two consecutive polled positions do not necessarily correspond to the end points of individual links. Consequently, 
the polling frequency would directly affect the accuracy of allocated link travel time, and the accuracy becomes 
poorer with lower polling frequency (Hellinga et al. 2008). To analyze the affect of polling frequency on the 
estimation of proposed model, we first calculate link travel time assuming uniform motion between consecutive 
polled positions (Miwa et al. 2004) (this travel time allocation method is called proportional allocation in this paper), 
then estimate model parameters using MLE as described in Section 3.4. 
   The estimated link travel time distributions from probe data with various polling frequencies (or polling 
intervals) for link 1 is plotted in Fig 6. We make the Kolmogorov-Smirnov (K-S) tests for each estimated 
distributions by testing the hypothesis H0: the link travel times are distributed according to the estimated 
distributions. The K-S test is a standard non-parametric test to state whether samples are distributed according to a 
hypothetical distribution. This test is based on the K-S statics which is computed as the maximum difference 
between the empirical and the hypothetical cumulative distributions. The test provides a ݌-value which informs on 
the goodness of the fit. Low݌-values indicate that the data does not follow the hypothetical distribution. We reject 
hypothesis ܪ଴ for ݌-values inferior to the significant level Ƚ. The parameter ߙ is commonly set to 0.05 or 0.01.  
 
 
Fig. 6. Estimated link travel time distributions from probe data with various polling frequencies 
    
           Table 2. The K-S test for estimated link travel distributions 
 Polling interval 
1s 3s 5s 7s 10s 20s 30s 60s 
݌-value 0.2587 0.2944 0.2936 0.3265 0.0412 ͷǤͳ͵ ൈ ͳͲିଵଶ ͻǤͶ͵ ൈ ͳͲିଵ଴ ͸ǤͶͲ ൈ ͳͲିଵଵ 
     
  The results of tests show the estimated distributions from probe data with polling interval less than 7s pass the 
test for both α=0.05 and α=0.01, while the estimated distribution only pass the test for α=0.01 and fails the test for 
α=0.05 if the polling interval is 10s (Table 2). Additionally, the estimated distributions are significantly different 
from the real distribution when the polling interval is longer than 20s. The results of K-S test are also consistent with 
the observations in Fig 6. 
   Therefore, we can conclude that the link travel time distribution can be estimated at an acceptable level if the 
polling interval of probe data is less than 10s. However, the results essentially depend on the accuracy of allocated 
link travel time.  As mentioned above, proportional allocation is applied to calculate link travel time from probe data 
in the paper. If more accuracy link travel times are obtained from an advanced method of travel time allocation, the 
link travel time distribution probably can be estimated from probe data with longer polling interval. 
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5. Conclusions 
In this paper, a truncated distribution is used to model the link travel time distribution in a signalized section of 
road. The probability distribution function of travel time is derived and parameterized by fraction of stationary 
vehicles, red signal time, and motion behavior parameters including truncation points. These parameters are 
estimated from travel time data using a maximum likelihood estimator. 
We decompose link travel time into time-in-motion and time-in-queue, modeling them independently. The time-
in-motion, which is similar to travel time on a freeway, mainly depends on physical attributes of the link and traffic 
conditions. The time-in-queue is mainly related to signal timings and the signal offset between adjacent intersections. 
We introduce a simple method of estimating truncation points based on a relatively small sample size. Time-in-
motion is then modeled using both non-truncated distributions (normal distribution and lognormal distribution) and 
truncated distributions (truncated normal distribution and truncated lognormal distribution). Using AICc and BIC 
criteria, we show that it is better to model time-in-motion with a truncated distribution instead of a non-truncated one. 
A comparison is carried out between the derived travel time distribution and an example model using a non-
truncated distribution. The results validate the superiority of applying a truncated distribution to model the 
distribution of link travel times. 
The Kolmogorov-Smirnov test is performed to test the estimated models of link travel time distribution from 
probe vehicle data with various polling frequencies. The results show, the link travel time distribution can be 
estimated from probe data that polling interval is less than 10s when the significance level is set to 0.01. 
Following the suggestions given by Wang et al. (2012), we recommend that truncation should be considered for 
many of the quantities (e.g. travel time, speed and demand) used in traffic engineering. Truncated distributions 
should be used in any case where truncation cannot be neglected.  
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